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(i) 


ABSTRACT 


In a lecture at Humboldt University in 1959, M. Katetov 
suggested the desirability of studying mappings of proximity spaces. 
Quotients and other maps of proximity spaces have since been investi- 
gated by Katetov, Poljakov, Isbell, Dowker, Stone, and Nachman. This 


thesis continues the study begun by these authors. 


Chapter I contains a history of the literature of proximity 


spaces and a brief introduction to the subject. 


Chapter II is concerned with proximity quotients. A new expli- 
cit characterization of the quotient proximity is given. This character- 
ization is used to find necessary and sufficient conditions on a proximity 
Space for every proximity quotient map on this space to be a topological 
quotient map. It is shown that a separated proximity space X is compact 
iff every p-map on X with separated range is a proximity quotient map. 


Other mapping characterizations are obtained. 


Much current research in general topology has been directed 
towards finding conditions under which the product of topological quotient 
maps is a quotient map. The main result of Chapter III is that the finite 
product of proximity quotient maps, each of which has a separated domain 
and range, is a proximity quotient map. This theorem is used to prove 
Chace 1 hasten. oy, and gi: X,, =: Yo are topological quotient maps 
between oh spaces, then if X, x X is pseudocompact, fxg is a quo- 
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tient map. Examples are given. It is also shown that the regular p-map 


Pa 
= 


vob mM aber ut; ci nenduka Soft ay ata. 5 
“dearly veri vety ses egpiagan’ gaixbore Byron, tsb, ould 
saved ried polite th set eriuibied 4h deg adc bua 
<i tise steteised vost ad 


* ie dvi Sagtite red anal Geis agi de iale 
: ‘ : Z a) j ee | 
Wises ie, putes ye ‘edt RO waodntit &. totamos, my rece) 


ania safs-o8 raid Cera a) ae \3 


a 


att ~  Pesiteeys bith, ees eo 


= wy 
a a. + 
Por iS 


‘iiges wen Be 2anstioup deletes Say! henesinog ayn gatgeda  ; s 
~1STSGTBAY, gia Loieta, Ly qgbnistyd ‘aiat sii tir 86 monies? me 


ii 


ie ai xexq: 6. re anatativnes Soabod be: an A RRRORH iin ay homey, ah 
feo ho bagtd sad oF snes ett es sie englaka ‘atetanen rhs: 
hanieneg ee a sade ‘ohaixose ‘basemuaee em sn nat Bi beat 
-qisah st io Eat alia tenga’ AF aber shvieituse am. x an eet 


9 © 


rae Hes te ait ale Jaatvoue aH 
aides, baieanin 2 si ceaeunane nobaiose 


. ae ce ap 
syo 1 os esis Aa? Ns 


ye 


| een Sgptspua 


Sifhit sia ack ‘ed: 


Thep 5 Bt grt, 


(ii) 


image of a semi-metrizable proximity space is semi-metrizable. 


A metrization theorem for proximity spaces analogous to a topo- 
logical metrization theorem of Morita is proved in Chapter IV. One 
consequence of this result is that if Y has the elementary proximity and 
is the image of a metrizable proximity space under a closed p-map, then Y 


is metrizable. 


Products of proximity spaces are considered in Chapter V. A 
product of proximity spaces is defined which gives the elementary proximity 


on the product. 
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CHAPTER I 


INTRODUCTION TO PROXIMITY SPACES 


1. History and Introduction. 


A topology on a set X can be determined completely by a 
closure operator on the set P(X) of all subsets of X.. In this sense, 
topology is anaxiomatization of a point being "near" a set; that is, being 
in the closure of a set. It seems natural to axiomatize the concept of two 


sets being near. A proximity on a set is such an axiomatization. 


The historical motivation for the introduction of proximity 
Spaces has been somewhat different. There are at least two recurring notions 
of nearness in topology. The first, topological separation, was axiomatized 
in 1941 by A.D. Wallace [47]. Ten years later, E. Efremovich [9] considered 
two subsets of a metric space to be near whenever the distance between them 


was zero. It was this second concept of nearness that Efremovich axiomatized. 


and called proximity. 


Much of the early work in proximity spaces was done by Y. Smirnov 
[43] and [44]. It was his theorem on the one-to-one correspondence between 
the compactifications of a completely regular space X and the compatible 
proximities on X which gave impetus to the study of these structures. 
Smirnov was also the first to explore the relationship between proximities 
and uniformities. Gal [14] and Alfsen and Fenstad [2] continued Smirnov's 


investigation and independently showed that there is a one-to-one correspon- 


dence between proximities and totally bounded uniformities. 
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Some of the recent areas of development in proximity spaces have 
been the generalizations due to Leader [22], Lodato [25], Pervin [36], and 
Harris [18]; the use of proximities to solve topological questions by Gagrat 
and Naimpally [11], [12], and [13]; lattices of proximities as studied by 
Dooher and Thron [7]; and mappings of proximity spaces, which will be our 


main concern here. 


The study of mappings of proximity spaces was initiated by Kate- 
tov [20] in 1959. Although there has been some investigation of mappings 
by various authors, few of the characterization problems of current interest 


in general topology have been studied for proximity spaces. 


In his survey paper "Mappings and Spaces" [3], A.V. Archangel'- 
skii in 1965 presented a uniform approach to problems of the mutual classi- 
fication of mappings and spaces. Let F and G be classes of maps and A 
and B classes of spaces. Archargel'skii isolated the following three 


problems: 

(1) When is a space from class B an F - image of a space 
fromeciasse (Ay 

(2) Characterize AF : the class of spaces which are F - images 
of spaces of class A . 


(3) Characterize F(A,B) nG: the intersection of G with the 


class of all maps with domain in class A and range in class B. 


There are other general problems in mappings and spaces which have 


since been singled out for attention. MacDonald and Willard in [27] were 


interested in the following problem: 
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(4) Characterize the class of all spaces whose every F - image 


ies in: «B: 
Other similar problems are: 


(5) Characterize the class of spaces X such that every map in 


F with domain X is in G. 


(6) Characterize the class of spaces Y such that every map in 


Pewith range Y Ys¥in Gu 


These last two have not been isolated as such, but problems of 
type (5) have been considered by Dickman and Zane [6] and Willard [48], while 
Siwiec [42] and Lee [24] have solved problem (6) for various classes of maps 


and spaces. 


Our interest in this thesis has been to answer some of these 
general classification problems for specific classes of maps on proximity 


Spaces. 


Ze bas. ca Detaniclons:. 


A brief introduction to proximity spaces will be given in this 
section. For a more detailed discussion, the reader is referred to the text 
General Topology by S. Willard [49] and the monograph Proximity Spaces by 
S.A. Naimpally and B.D. Warrack [34]. Our development in this section will 


somewhat follow these two sources. All unproved propositions appear there. 


2. J. Definition: A proximity space is a pair (X,6) , where X is a set 


and 6 is a binary relation on the collection P(X) eoGtalltsubsete of 
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(P4)) Ac(BuC)) iff “AGB “or ACC), 

Ge ete AGB 5 then there exist ~disjoint sets: -C; and. D such 


that Ad(X-C) and Bd(X-D) , 


where AdB means it is not true that ASB . The proximity space (X,64) 


is called separated if it also satisfies 
CP6)eyaob Ett xal=sb’. 


When no confusion can result, we shall speak of the proximity 


space X. The phrase AOB is read "A is near B". 


2.2 Examples. (a)" In @ meétrie space,” define PACe irl d(A5B)* = 0 EA 


proximity which is given by a metric is called metrizable. 


(b) In a normal topological space, define ASB iff 


AnB # @. This proximity is called the elementary proximity. 


(c) MIE @Cjib” Is a covering Uniformity, let, "AcR, iin 
StetA,U) 0B ¥°o “for all Uep. A proximity obtainable in this way is called 
uniformizable. It is known that every proximity is uniformizable; in fact, 


obtainable from a unique totally bounded uniformity. 


(d) In a completely regular space X , define Aq 8 Let 


there is a continuous function f mapping X to the unit interval I such 
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phot MCA) =O? and £(8) = -veThiis proximity is called the fine prox- 
imity on X. It is equivalent to the elementary proximity when xX is 


normal. 


Ce), Inva set, X),'define. ASB, iff AF band B #? oO . 


This is the trivial proximity. 


2S WELODOS Lt Lon. If (X,6) is a proximity space, then 6 induces a 
completely regular topology on X such that A = {x | xO6A} . Conversely, 


if X is any completely regular space, the fine proximity on X induces 


the original topology. 


2.4 Remarks. €(6) will denote the topology induced by 6. If (X,Z) 
is a topological space, a proximity 6 on X will be called compatible 
G£E 'C(6) =n... » Motivated by the, factythat a-set U- is a neighborhood of 
BEOOLnt exe a (in (606) Aff x6 (X-U) » we shall write AccB to mean 

Ad (X-B) and read "B is a 6-neighborhood (or p-neighborhood) of A". Then 


axiom (€P5)) in definition 2.1 can be rewritten. as 
(P5') if AccB , there is some set E such that AccEccB 


A continuous function is one which satisfies f(A) © EQ), for 
any A « P(X) . Another way of expressing this is to say that £ as 
continuous whenever x near A implies f(x) near f(A) . Proximity maps 
on proximity spaces arise naturally as functions which take near sets to 


near sets. Formally, we have the following: 
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225 Definition If f is a function between the proximity spaces (X,6) 


and "CY ,6')", °f “isa p-map iff F(A) 6" £(B)* whenever! AGB): 


Clearly, every p-map is continuous in the induced topologies on 


X and Y. If 6 is the fine proximity the converse is also true. 
220" Definition. A one-to-one, onto map f£ such that both f and cay 


are p-maps is a p-isomorphism. 


We turn now to the construction of the Smirnov Compactification of 
a proximity space. In a completely regular space X , the Stone-Cech Compac- 
tritecatLon.o: XX is just. the set of all ultrafilters: on X . (with-a suitable 
topology). It is well-known that an ultrafilter F can be characterized as 
a subset of P(X) such that 
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Analogously, S. Leader [21] in 1959 defined a cluster as follows: 


Doar  .Defindt ion. A cluster T ona proximity space (X,6) is a subset of 
P(X) such that 
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Leader used clusters to construct the compactification due to 


Smirnov. Before stating the theorem, we shall need some definitions. 


2.8 Definition. If 6 and 6' are two proximities on a set X, 56 is 
Said to be finer than 6' iff ASB implies AO6'B . This is written 


6' <6. If 6' <6 and 6 <6' , 6 and 6' are called equivalent. 


Given a completely regular space X , the fine proximity is the 


finest proximity compatible with xX. 


geo. Derinition. Tf R and SS are compactifications of X we write 
4 : a 

Ky Ky iff there exists a continuous F : Ky >: Ky such that Feh., hy ‘ 

where hy and h, are embeddings of X into Ky and Ky respectively. 


As is well-known, the Stone-Cech Compactification is the largest 
compactification under the ordering of definition 2.9. One consequence of 
part (e) of the next theorem, then, is that the Stone-Cech Compactification 


is the Smirnov Compactification of the fine proximity. 


2.10 Theorem. (Smirnov-Leader). Let (X,6) be a separated proximity space. 
Then: 


(a) X is compact iff every cluster on X contains a point. 


(b) The space X* of all clusters on X (with a suitable 
topology) is a Hausdorff compactification of X. 


(c) x* is the unique compactification of X such that any p-map 


from X into a separated proximity space Y has a unique continuous exten- 


sion £* ee oY. 
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(e) There is a one-to-one order preserving correspondence between 


the Hausdorff compactifications of xX and the compatible proximities on X . 
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CHAPTER ITI 


QUOTIENTS OF PROXIMITY SPACES 


3. Introduction. 


In 1959 Katetov [20] introduced proximity quotient maps and 
Suggested that mappings of proximity spaces be investigated. Quotients 
have since been studied by Isbell [19], Nachman [32] and Stone [46], 
while proximity open maps were defined and examined by Poljakov in [37] 
and [38]. Although there are characterizations of proximity quotient maps 
in the literature [32], the only explicit formulation of the quotient 
proximity the author knows of is due to A.H. Stone, whose work appears in 
the general topology text by Willard [49]. Our purpose in the present 
chapter is to provide another approach to proximity quotient maps; we will 
then use our new characterization to study mapping properties of proximity 


Spaces. 


In this chapter (X,6) will always denote a (not necessarily 


separated) proximity space and Gs will represent the fine proximity (2.2d) 


On xX 


4&.. Characterization. 


41, Definition. Let f be a function from a proximity space (X,45) onto 


a set Y. The quotient proximity is the finest proximity on Y such that 


f is a p-map. When Y has the quotient proximity, f will be called a 


p-quotient map. 
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4.2 Theorem. (Stone [46]). The quotient proximity is given by: C cc D 
iff for each binary rational s « [0,1] , there is some C. ‘co -X. Such sthat 


= os , ; =] -1 
Co 2G , C, =—Dre-and Js <t fuplies 7 Ff (C_) Gert (C.) 


The above characterization, although explicit, is difficult to 
work with for obvious reasons. In 4.3-4.5 we introduce a simpler approach 


and prove it works. 


to oe Derinition. Let f be a function from a proximity space (X,4) 
onto a set Y. Define A$'B in yY iff there is a function g : Y +I _ such 


that g(A) = 0 , g(B) = 1 and gof is a p-map. 


4.4 Lemma. of 615 avproximbty:. 


PTOOr . Clearly, the axioms (P1)-(P3) of definition 2.1 hold, and A6'B 

or AO'C easily implies AS'(BuC) . Let Ag'B and Ad'C . We must show 
A$' (BuC) Y alet ¢ and hh map a Sto. L “euch that) 320A) =10 2 eC) ei 
ACA) =.0 > h(C) = 1 and gef and hef are p-maps. Then (g*h)(A) = 0), 
(g*h)(BuC) = 1 , and since the product of bounded real-valued p-maps is a 
p-map [20, Proposition 2.2], (g*h)°f = (gef)*(hof) is thus a p-map. There- 


fore, A$' (BUC) , and axiom (P4) is satisfied. 


Tomprove (25) 3; Let A$'B . Then by definition, there is a 
function g: Y > 1 such that g(A) =0 , g(B) =1 and gef is a p-map. 
Let C= ae [0,5) and) = an £1] . Then CnD = o and it is easy to 


show that Ag'(X-C) and B'(X-D) 
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4.5 Theorem. 6' is the quotient proximity. 


Proof. BEESty <2 (X,0) = (Y,05)" 1s aep-map.. For it A$'B , there is 
Some Ui: Y er such that “NCAy*=0., H(B).= 1 and Shet~ is a p-map. It 


-i-1 


—| -1 = = 
follows thatyat: hu + (0) b f (1) and therefore f ans ¢ " (Bh 


Now, if 6* is another proximity on Y such that 
f= (0) (Y,6*) is a p-map, then Ad*B implies there is a p-map 
h : (¥,6*) +I such that h(A) = 0 and h(B) = 1. But then, A$'B and 


hence 6' is the finest proximity on Y for which f is a p-map. 


“0. Goros Lary’: A function g satisfying definition 4.3 is continuous 


relative to the quotient topology on Y. 


Sain) is open in X _ since 


Proot: Let U be open in I. Then V= ae 
= -1 
every p-map is continuous. Since V =f tev) ult follows<that £(V) ="2 7) 


is open in the quotient topology on Y. 


Notation. In the sequel 6/f will denote the quotient proximity on Y 


induced by f and (X,6) . When no confusion can result, this will be 


abbreviated 6' 


The next theorem is proved quite easily from theorem 4.5. The 
result has also been established by Nachman [32], who used the techniques of 


uniform spaces. We shall need to make use of it in chapter III, and so state 


it here without proof. 
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4.7 Theorem. If (X,6) and (Y,6') are proximity spaces and f : X >Y 


is onto, then f is a p-quotient map iff 
(1) f£ is a p-map and 


(2) gef is a p-map whenever g : Y > (Z,y) iff g is a p-map. 


geo Corollary. If XY jhas the quotient proximity induced by £ : (jd) > Y 
then Y is p-isomorphic to the natural decomposition space X' (that is, the 
space whose "points" are the sets fi |) for every y ¢« Y and whose proximity 
is the quotient proximity induced by the function w: X > X' which takes 


x € X to the set in which it is contained). 


4.9 Theorem. Let f be a function mapping the set X onto the set Y 


and, l6t: wo)-and “y be twor proximities on. X. with “y <6). Then y/f,<60/t . 


Proof. Wernote-that: -£ + (£30)? = -(YV9/f) cand. -£ > (iy) 2 Vy /£))” areop— 
maps and we claim’ f : (X,6) > (Y,y/f£) is a p-map. To prove this, let A6B 
and assume f(A) and f(B) are y/f - separated. Then there is some 

Sur Yue Phesuctithat ore Gf (A) = OtjeeG (Bac te andie got. isma pemap, relapeve 
to y. Since y <6 , g°f must also be a p-map relative to 6 . But then, 
by definition of the quotient proximity 6/f , f(A) and f(B) are 6/f - 
separated, which cannot happen since AOBi sandit ££, Kem Coy tifa seats 


map. Thus, f : (X,6) > (Y,Y/£) is a p-map and so by the definition of 
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Although the quotient proximity is usually given neither by AS'B 
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case in which it is given by a "nice" combination of the two. 


4.10 Theorem. Let xX, be a closed subset of a proximity space (X,6) 
and identify xX, to a point yee Then AO6'B iff either 


y, € Cle cgyA n Cle ¢g1y8 or feeeay 6 fe>Cp) » where f is the natural 


map. 


Proot. Clearly, AS'B whenever either property holds. Now assume both 

£1 (a) $ € 4(p) -and y ¢ Cl beech, B jaSAveny wien: A. Then 
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-1 
Then h(A) = 0 and h(B) = 1, for x ¢ Hee (ef) (oc) gee eee) 
etx), ane roe x re x, eho t yx) = h(y) ="ir="e(x) . So hef=g is a p-map. 


Thus, by the definition of the quotient proximity, AS'B . The result follows. 


4.11 Corol tary: LE ae are pairwise separated subsets of X , and 
Y is formed by identifying each X, to apoint y, , then AO'B iff either 
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where f is the natural map. 


4.12 Example. A proximity space with a countable, locally finite collection 


of closed subsets, and a quotient space formed by identifying each member of 
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this collection to a point, with the quotient proximity not given as a 
"nice" combination of the elementary proximity and A6'B “iff 


POR ( Aye Ov fo" (B) 


Let X = RXR’ with the metric proximity, A = Rx{1} , and 


B = Rx{O} . For each integer n> 3, let ees fa}x[= , 1 - = . Now, 
n 


identify each F to a point We and let Y be the resulting space and 


f the natural map. We claim that f£(A)6"' £(B) . If not, there is some U 
Ssuchivtinat = £¢CB) cen. ande"U $ £ECA)YES =1f-"U. “contains infinitely. many y.s » 
then feria) contains infinitely many F; ~ andeso Ie Mear 8A .  LE* tollows 


that “U'd' s£(A) ‘=a contradiction. On thé other*-hand, if U contains only 
finitely many y, » we may assume it contains no Y; » so aualeb intersects 
no F. and hence (X - £1 (y)) §) BEY “But then 1t follows, that 

£(X - £7007) 6 £(B) and since £(X - fa4ea)) = Y - U , we again have a 


contradiction. 


5. Proximity Quotients vs. Topological Quotients. 


In this section we consider the question of when a proximity 


quotient map on a proximity space is a topological quotient map. 


; : 3h rae 
Del -Example. A p-quotient map f on the real line with f “(y) finite 


forall y an the quotient, but (f not a topological quotient map. 
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swnere f£ is the natural map, pity ds open in the quotient topology on 
Y . However, if f£(0) cc £(U) , there must be some V_ such that 
EU) ce Veet (U) 2. Now, <f(™)> converges to f£(0) , so there is some 
Peet fine for all jue Nex aThus yi {i(n)e OX GEC) egibut 
clearly, irae 6(X-U) , so that LE(a) bigs O'S =<f@) ivy Wherefore. t£60) 
is not a C(6') - neighborhood of £(0) and 7(6') is not the quotient 


Ae 


topology even though £ “(y) is finite for all nn yeas 


It is well known that a one-to-one topological quotient map is a 
homeomorphism. The next theorem demonstrates that the analogue for proximity 
Spaces is also true. Note that part (1) exhibits one-to-one p-quotients in 
a form one might expect all p-quotients to take. That this would not be a 
viable approach to p-quotients in general was observed in 4.10-4.12. Also, 


part (3) provides us with a first approximation to the main question of this 


section. 
5.2 Theorem. Let f : (X,6) > (Y,6') be a one-to-one p-quotient map. 
Then: 
1 ° -1 -1 
Ci) AGB. aie fo GA) oer 308)? 9, 


(2) f£ is a p-isomorphism, and 


(3) the topology induced by 6' is the quotient topology. 


-1 -1 ; F 
POOL. (1) Since’ f is a-p-map,)-= (A000 £ (8) aapiies Ad? Baw Sas 
= =p 
let fo) $ f 1 ep) and let g:X +I _ be a p-map such that eG (Ay) -=10 
=l 
and SCF 1. GB)) =]. If h: ¥> 1, its defined by hy) = g(t (y)). 5. then 


hef = g is a p-map. Hence, AG'B - €2)-and.(3) follow easily from (1). 
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If we restrict the proximity on X , we obtain the next partial 


solution to the problem. 


5.3 Theorem. la Sb is*the finéesproximtty on’ MivandY fuse (Rese) eet (y. 6") 
——————— fe) 
is a p-quotient map, then ¢(6') is the quotient topology iff the quotient 


topology is completely regular. 


Proof. Let the quotient topology, a , be completely regular and let De 
be any proximity compatible with a. Since 64 is the fine proximity on 
0 (X,5.) Ca yea) is a p-map by the remark following definition 2.5. 
The quotient proximity is the finest proximity on Y for which f is a p- 


* 2 §! , and hence a = 2(6%*) ¢ C(6') . Now, since every p-map is 


map, so 6 
continuous and the quotient topology is the finest topology on Y for which 
£ is continuous, it must also be true that ¢€(6') ca. Therefore, 

PhOe) eS. 0.. 


Necessity is obvious. 


While it is not true that if 7(6') is the quotient topology then 


6 is the fine proximity on X , the following holds: 


5.4 Theorem. Let (X,6) be a proximity space. Then every proximity 


quotient of X generates the quotient topology iff 
(1) 6 is the fine proximity and 


(2) every (topological) quotient is completely regular. 


Proof. Sufficiency follows from theorem 5.3. For the necessity, assume 


every proximity quotient generates the quotient topology. If 6 is not the 
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fine proximity oe , there are two sets A and B- such that A6B but 

Af B - That is, A and B are functionally separated. It follows that 
there is an open set U_ such that Ave U* and, U (°BY= oO". Let VY pe 

the set formed by identifying A toa point, and give Y the quotient 
proximity. Then, if f is the natural map, f(U) is an open neighborhood 
of £(A) in the quotient topology. But AGB implies £(A)6'£(B) , so 


f(A) = Cl £(B) . Clearly, £(U) cannot be a (6') - neighborhood of 


ECO") 


£(A) » a contradiction. Condition (2) above easily holds. 


Remarks. Exactly the same proof will show that every separated quotient 
generates the quotient topology iff (1') 6 is the fine proximity and (2') 
every T, quotient is completely regular. The problem of characterizing 
the topological spaces X whose every quotient is completely regular seems 
to be difficult; for related work, see MacDonald and Willard [27]. Note 
that theorem 5.4 is a solution to the general problem (5) of section 1 for 
the class F of p-quotient maps with separated range and the class G of 


topological quotient maps. 


6. Mapping Properties. 


Our purpose here is to give solutions to problems C5) fang (oO) acer 


section 1 for various maps on proximity spaces. 


6.1 Theorem. Let (X,6) be a separated proximity space. Then every p-map 


on X with separated range is a p-quotient map iff (X,6) is compact. ve 
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Proof. Assume (X,5) is not compact. Then by theorem 2.10(qa) there is 
a cluster 1 without a point. Let p be any point in X and define 
hos sy ue » where it, is the cluster of all A such that Adp . Finally, 


define 


AO'B iff either ASB or both A and BemT' 


We claim that 6' is a proximity on X. Axioms (P1)-(P3) of 
! 


definition 2,1 are easily verified. To prove (P4) , observe that ' , as 


the union of two clusters, inherits the following property of clusters: 
Gi) Bea Gne Te ke) ee co The or Cecan. 


Now, let Ad'(BuC) . If Ad(BuC) , we are done, so assume Ag (BuC) . Then 
weomust have: Ae 1m Jand (Buc) en. Tt follows from Gi)’ that “Ad’B “or 


AS'C . The reverse implication in (P4) also follows from (i) 


to prove (P5) , tet A¢'B . Thenvetther Auf". -orm 8h et, 
By symmetry we need only consider the case where Af T' . Then, AGB , Adp , 
and since A‘¢éT , AgP for some Peéem . Thus, there exist disjoint sets 
U ‘and V such that Ag (X-U) and (BuPu{p}) ¢(X-V) . But (X-V) é 7 since 
(X-V) $P and Pew, and (X-V) £ 1 since (X-V) dp , so (X-V) ¢ T' 
Since A and (X-V) are not in mT' , Ag' (X-U) and (BuPu{p}) $' (X-V) , and 


(P5) is satisfied. 


Note that 6' is easily separated and 6' <6. It follows from 


our assumption that i: (X,6) > (X,6') is a one-to-one p-quotient map, and 


This contradicts the definition of 6' . There- 


so by theorem 5.2, 6 = 6' 
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fore (X,6) is compact. 


Conversely, assume (X,0) is compact and let f bea p-map 
from X onto a separated proximity space (Y,6*) . Then the quotient 


topology is and 6 is the fine proximity on X . It follows from 


Pee 
theorem 5.3 that ¢(6') is the quotient topology a. Since f : (X,Z(6)) 
> (Yer(8 *)) is a continuous function on a compact set, it must also be 

true that e507) = Q . But since (Y¥,a) is compact and, Hausdorff, it has 


a unique compatible proximity (theorem 2.10); hence 6* is the quotient 


proximity and so f is p-quotient. 


Remarks. If it is not required that the range be separated in theorem 6.1, 
then 6 must be trivial. That is, if every p-map on (X,6) is a p-quotient 
Map, chen the identity i + (X36) = (x, 6*) » where on is the trivial 
proximity of example 2.2(e), must be a one-to-one p-quotient map. Hence, 6 


would be equivalent to Oo 


It is well known that a T 3% Space KX is locally compacesi er 
2 
it has a minimal compatible proximity. If we consider a separated proximity 
k 
6 on asset X to be minimal separated whenever 6* <§ and 6” separated 


imply 6 = 6* , then we have the following. 


O.2. Corollary. Let (X,6) be a separated proximity space. Then (X,46) 


is compact iff 6 is minimal separated. 


Our next result is a solution to problem (6) of section 1 for the 


classes F of all p-maps that are quotient maps, and G of all p-quotient 


maps. 
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6.3 Theorem. Let Y be any completely regular topological space and 

* : hot 
6 any compatible proximity. Then 6 sda ehetrine proximity on™ YG 
for all proximity spaces (X,6) and all p-maps f : (X,6) > (Y,6*) onto 


Y which are topological quotient maps, f£ is a p-quotient map. 


PrOot. Let 46 sor » the fine proximity: oni Y., andlet £ 21(x%.0) (Y,6.) 
be a p-map onto Y _ such that c(5.) is the quotient topology a. Then by 
definition of the quotient proximity, 6, Th Panel & A$'B , there is some 

g: Y-*>TI such that g(A) = 0 , g(B) = 1, g°f is a p-map and g is contin- 


uous relative to a. But then Ag B 5 SO 64 = 6' and f is a p-quotient 


map. 


For the converse, consider i: (7,5) >: (Yeon) . This is a one- 


to-one p-map and a topological quotient map, and so by our assumption a p- 


* 


quotient map. It follows from theorem 5.2 that 65 = 6 


Os eCOrolLlary. Let (X,6) be a proximity space and (Y,6/f) a p-quotient 
of X such that the quotient topology is completely regular. Then 6/f is 
the fine proximity on the quotient topology iff 6/f = é/f , where 6, is the 


fine proximity on Xx. . 


Prootf- Tf o/f = 6 /f and the quotient topology is completely regular, 
: f : x 
then by theorem 5.3, (6 5/f) is the quotient topology. But if 6° > 6o/f 
and al eohip = ee IES) ethers sere s (X, 60) > (v,8") is continuous and, since 
inet ye * 
6 is the fine proximity, a p-map. So by definition we have Oru 6 o/f ; 
Oo 


It is then clear that Soe 6 /f . somthat 6o/ft is the finest proximity on 


the topological quotient. 
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Conversely, if 6/f is the fine proximity on the topological 
quotient, consider foi : (X,0) PRK Oar ue Oy tyes Clearly = potue at Mis 
a p-map, and since [(6/f) is the quotient topology, it is also a (topolog- 
ical) quotient map. Then by theorem 6.3, fei is a p-quotient map; that 


fo, OO PeeROR/ fol =06 /£%. 
O Oo 


Remark. Note that 6/f = Pes does not necessarily imply that $ is the 


fine proximity on X. For if X is the real line with the metric proximity 
and 
0 ; xe ¢ 
ECS) iG ex ‘ On ig st aL 
uf Ne 


then the quotient space I has the fine proximity although xX does not. 


We turn now to characterizations of p-open maps. 


* 
6,5 Detinition. (Poljakov 137 and) [38)) = “A p=map £0) Oo) 


is p-open iff Acc B implies f(A) cc f(B) 


It is not hard to see that p-open onto maps are both p-quotient 


and open. The proof of the next theorem is routine and thus omitted. 


1 


6.6 Theorem. A p-map £(X,6) > (Y,6*) onto Y is p-open iff A 6 £ (B) 


whenever f(A) Str 


6.7 Theorem. Let (X,6) be a proximity space such that every p-quotient 


map on X is p-open. Then every p-quotient of X generates the quotient 
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topology. Consequently, 6 is the fine proximity on X . 


Proof. If X has a p-quotient (Y,6/f) which does not generate the 
quotient topology, f cannot be open, hence not p-open, a contradiction. 


The "consequence" follows from theorem 5.4. 


Remark. There do not seem to be reasonable sufficient conditions on a 

proximity space X such that every p-quotient map on X is p-open. For 

example, if X = [0,2] and 53] is identified to a point, then X is 

a compact metric space but the natural map f is a p-quotient map which is 
1.3 F F bys 

not open, and so not p-open. (The set (55) te opett 10 Xs) DUL G35 

is a point, and so not open in the quotient.) A related topological question 

is to characterize the topological spaces xX such that every quotient map on 


X is open. Again, the problem seems difficult. See McDonald and Willard 


[27] for similar problems. 
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CHAPTER III 


REGULAR MAPS AND PRODUCTS OF P-QUOTIENT MAPS 


in introductdon. 


Much current research in general topology has been concerned 
with generalizations of topological quotient maps. Two of these generali- 
zations are hereditarily quotient maps, which have been considered by 
Archangel'skii [4] and Michael [28], and the bi-quotient maps of Michael 
[28] and Hajek [17]. These two mappings have analogues in proximity spaces 
which, in general, preserve more structure than their topological counter- 


parts. 


8. Regular Maps. 


Poljakov in [38] introduced regular maps and asked if the regular 
image of a metrizable proximity space is metrizable. In [39] he showed that 
a proximity space can be "determined by sequences" iff it is the regular 
image of the disjoint union of metrizable proximity spaces. However, since 
the disjoint union of metrizable proximity spaces might not be a metrizable 
proximity space (although the induced topology is, of course, metrizable), 
this did not answer the original question. The purpose of this section is 


to give a partial solution to the problem. We begin with the definitions 


and a characterization due to Poljakov. 
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8.1 Definition. A p-map f : (X,6) > (Y,6') is regular iff A6O'B 
implies f 1 a) 6 £ 4p) 


8.2 Theorem. Let ‘£ : (X56) "> '(¥56') be a p-map. . Then the following 
are equivalent: 
GDrt “is resular 


Cyn ee a(A)) Ge een eee set 


(3) £ bj : tie) vas p-qherient forealiy Ss jcc¥. 
me (S) 
8.3 Remarks. (a) The equivalence of (2) and (3) above is similar to 


Archangel'skii's result in [4] which states that a map is hereditarily 
quotient iff whenever U is a neighborhood of MES » £(U) is a neigh- 
borhood of x. 

(b) Theorem 6.6 implies that every p-open map is regular 
and (3) above shows that regular maps are p-quotient. Poljakov [38] gives 


examples to show that the reverse implications are not true in general. 
Our intention is to show that the regular image of a semi-metri- 


zable proximity space is semi-metrizable. First, some more definitions. 


S.4. Definition. A semi-metric on a set X is a real-valued function d 
Sue X<Xesachethat for*all: x ®add SY> avreex | 


(a) -dix.y) = dy, x)= 0" 4 -and 


OO AEE exis 


i} 


Ca) eatx,y) 


8.5 Definition. A proximity space (X,6) is semi-metrizable iff there is 


a semi-metric d on X such that ASB iff d(A,B) =0. 


We shall need a lemma which may be of some interest in itself. 
It is a proximity analogue of a topological semi-metrization theorem due 


independently to C.M. Pareek [35] and C.C. Alexander [1]. Gagrat and 
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Naimpally [13] have also recently considered the semi-metrization of 
proximity spaces. The emphasis of their research however, was to use 


proximities to obtain topological results. 


8.6 Lemma. A separated proximity space (X,6) is semi-metrizable iff 


there is a countable family ay of symmetric subsets of XxX satisfying: 


(a) n V5 = A (the diagonal), and 


(b) for each closed subset A of X , util forms a 6- 


neighborhood base for A (A cc V, [A] FOr ald Mandir AL ceo Ree then 
RAGE Vy lA] ¢ B for some N ). 


Proof. <= Assume VV, GV. tand Let 
—_— itl at 


d(x,y) = 0 VES (xy) V. foreaviag, 2: 


d(x,y) = 1 TEE Gy )t 4 V5 for any i 


es es 
d(x,y) = T41 als are Cx. 7) Vv, Viead 
Then d is a semi-metric. Now, let AGB 5 4.G. Ace X—B eBy 
our assumption, A cc Vy lA] ec X¥=-B for.some N . Forseach paix (a,b) 27AxB 


ik , ’ 1 
it must be true that d(a,b) 2h since if d(a,,b.) <a for some 


(a_,b_) € AXB then b_ ¢ V_[A] - a contradiction. Therefore, 
Ouro < fe) N 


af 
d(A,B) 2 rae) 


Conversely, if d(A,B) = « > 0 , pick a positive integer WN such 


that = < e . Then Vy tA] nB=@., so that Acc VytAl c X-B , and AGB , 
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=> Let (X,6) be semi-metrizable with semi-metric d ee Let 
i : 1 
ve aT i(xey) fe 3xX | dex yous =) 2) Clearly, ngs has the required 


properties. 


onvelGoroklary? A separated proximity space (X,§) is semi-metrizable 


iff there is a countable family Woy of covers of xX such that 


(a) Uy < Oe and 


(b) For each closed subset A of X , {St(A, Uae, forms a 


6-neighborhood base for A. 


Proot ; If (X,6) is semi-metrizable, let ey be the sequence that 

exists by the lemma. If Uiere 20 V, [x] ; THe has the required proper- 
xEX 

ties. 


Conversely, starting with a sequence Ua of covers with the 
properties (a) and (b), let ME) = u{UXU | U « u,} . Then the conditions 


of 8.6 are satisfied, so (X,6) is semi-metrizable. 


8.8 Theorem. Let f be a regular map from a semi-metrizable proximity 
Space (X,6) onto the separated proximity space (Y,6°) . Then-“(Y,0 ) ds 


semi-metrizable. 
: A { Ns 
Proot. Since (X,6) is semi-metrizable, there is a sequence V, esi of 


covers of X such that the star at any closed subset of X forms ao - 

neighborhood base. Let A be a closed subset of Y . Clearly, “f£°-(A) is 
-1 a4) , : 

a closed subset of X and f (A) ce St(f (A),V,) fOr ally co SAnces we 


is regular, it follows from theorem Bie ct tbet 
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=~ | 
Peec: ECSECE (A) ,V,)) = St(A,f(V,)) fOr all UL a Also ae Alice’ eB Meher 
al =] male aL ol: 
foe CVA) Come (BO Shand thus! sf) ia) ‘ec StCf (A) ,Vy) c £ “(B) for some 
N . It follows as before that A cc St(A,f(V,)) CBs “Now, ait 
U, = £(V,) , the conditions of corollary 8.7 are satisfied, so (Y,6') is 


semi-metrizable. 


Remarks. It might seem that the techniques Michael develops in [28] would 
be useful in showing that every semi-metrizable proximity space is the 
regular image of a metrizable proximity space, thus giving a negative answer 
to Poljakov's problem. However, if the map Michael constructs were a p-map, 
it is not hard to show that it would also be p-open, and the p-open image 


of a metrizable proximity space is metrizable [38]. 


8.9 Proposition. Let) £29 (%).0)i>97(%96')'. be regular’ and let fre CH be 


compact for all yeéeY. Then f is a (topological) quotient map. 


Proof. Since. f is continuous, ¢(6') ¢ a , where a is the quotient 


: th. 
fopologyjon: Y + | Now; let. Ube <0 =) opens; that ds,, det of (U) be open. 


If yeU, then yccu iff f(y) ce f 1(U) , since f is regular. 
- -1 
But f thy) is compact and is contained in the open set f (U) , so for 
each x € f f(y) , x has an open neighborhood Us such that 
1 


x cc U cc f. CU)... Cover fo with a finite number of such open sets 
x 


- -1 
U rine tl |} and let W= vu U . Then f Fey) e Wee £00). ee rnat 
ote oe ‘<1 4 = 
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Vee. £ CW) cee. Pne. result follows. 


Remark. Poljakov [38] gives an example of a regular map which is not a 


quotient map, so the condition ng-t(y) compact'' cannot be eliminated, in 
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8.9. He also states that a regular, perfect (= closed with compact point- 
inverses)map is hereditarily quotient. If the domain has the elementary 


proximity or is metrizable, a slightly stronger result is true. 


8.10 Proposition. Let <f-: 360) >, (7,6"') tbe a resularimap onto a 


separated proximity space. If either 


(a) w£-i(y) (is) compact! fer ally © Yauvand? (6) Uermetrizable, 


(b) 6 is the elementary proximity and the quotient topology is 
completely regular, 


THEN f is hereditarily quotient. 


Rroot . Assume (a) holds. Then by proposition 8.6, f is a quotient map. 
By a result of Archangel'skii [4, Theorem 1], Y is Fréchet iff f is 
hereditarily quotient. Clearly, a metrizable space is Fréchet. (A space X 
is Frechetiff for any ECX,x « E iff there is a sequence bie E 


such that x +x.) 


If (b) holds and frets) cc U , where U is open, then £1 (x)ecu 7 


Since f£ is regular, x cc £(U) . It follows from remark -8.3(a) that, “f.)4s 


hereditarily quotient. 


Question. Under the conditions of 8.10(a) it is easy to show that (Y,7(6')) 


is metrizable. Is (Y,6') metrizable? 
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9. Products of p-quotient Maps. 


9.1 Introduction. Michael [28], Hajek [17], Siwiec [42] and others 
have recently considered products of quotient maps on topological spaces. 
It is well-known that the product of quotient maps is not, in general, a 
quotient map. In fact, if f is a quotient map and i, is the identity 
on a paracompact Hausdorff space Z , it may not be true that f ee LSora 
quotient map. Michael [26] has called quotient maps f such that f ee 
is a quotient map for any space Z , bi-quotient maps. In this section it 
will be shown that products of p-quotient maps behave better than products 
of (topological) quotient maps and we will use our result on proximities 


to obtain a theorem about topological quotients. 


* 
Throughout, X will denote the Smirnov Compactification of a 
* * * ‘ : 
proximity space (X,6) and h 3; xX > ¥ the unique extension of a p-map 


h which maps X to Y. (This extension exists by theorem 2.10). For 


any space Z ; i, will denote the identity map on Z. 


O72.) Definition. A map (p-map) f£ of X onto Y is bi-quotient (p-bi- 
quotient) iff for every topological space (separated proximity space) Zr, 


f Xi: XxXZ > YXZ %$is a quotient (p-quotient) map. 
Zz 


Before proving the main result of this section, we shall need two 


lemmas. 


9.3 Lemma. Let idee be a collection of p-maps such that f£, : X, > Y) 


for all a. Then £ : IX, > IY, defined by [f£(x)]q = fy (xq) is a p-map. 
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Proof: It is sufficient to show M328 16a p=map for all» Gone But 


(7 o£) Gx) = fx) = £F oT yx) » and the result follows. 


9.4 Lemma. Let fF : x, ae and f., : X, = Y4 be a p-quotient maps 


and let Y1*Y, have the quotient proximity induced by F = f\xf, . Then 


if x; ¢X, and x, <X,, F : xX X{x,} > Y,{f,(x,)} and 


Kj x{x,} 


f 4 
F (x, bx, Ss aes. i et Ge, are p-quotient maps. 


REOOL, Let 6' be the quotient proximity on Y xY 5 ly 8 the restriction 


1 
Bf a6! to! *Su= Y,xt£, (x5) } = Y,xly5}, and oe the quotient proximity on 


S induced by Fy areas Then since the restriction of a p-map is a p-map, 
ll Z 

6. < 6° - To show 6: < 6. pet Ag'B » where A,B cS. We must prove 

that Ad .B . By the definition of the quotient proximity Of on S , there 


is some 8? s+ tr -such’ shat g (A) =" 0"s, 8, (B) = 1 and 


Ug B50 lx xtxyP is a p-map. 


Extend G, to XxX, as follows: G(x,y) = Go(x,X) . wurther, let 


ge) 57a be defined by g{u,z) = 2 (4,75) a Now a(gck) Cay > ota) 


since (goeF) (x,y) g(F(x,y)) = g(£(x),f,(y) = 8, (f(x) ,¥5) eet of tale 


(x,x,) = G6 (x,x5) = G(x,y) « ‘Since X) is p-isomorphic to KX, x{x, I, say 


by. (x) = («,x,). G ds equal to ages , and thus is a p-map. There- 


fore, g(A) = 0, g(B) = 1 and geF = G is a p-map, so by the definition 


of the quotient proximity on Y,*Y, , A$'B . But since 6, is the restric- 


fion. Of 36 ew “tons; 5 Aq _B . Hence, - = 6: 


The corresponding result with x) € x) follows similarly. 
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Note that this result implies that ¥,xly,} as a subspace of 


(Y)*¥,,6') is p-isomorphic to yy : 


9.5 Theorem. Let fi : x) > yy and f., : X,, > Y, be p-quotient maps 


between separated proximity spaces. Then £\xf, : XX, 7 YV*Y5 is a p- 


quotient map. 


Proof. Let 6 and P be the product proximities on XX, and YX, 


respectively and let 6' be the quotient proximity on Y xY, induced by 


ib 


F = f,xf, . By lemma 9.3 and the definition of the quotient proximity, P<6' 


fiver F506" Y¥,*Y, contains two subsets A and B such that APB but A$'B . 


Since APB , there is a point in ory xy yxA An Oe xy )* Bae 
sages ee 
where (via }" is the Smirnov Compactification of (Y) *¥,>P) EB Yea) 


* * * * * * 
result of Leader [22], (X, XX) = X) x X,, and (Y, *¥5) = yy x Y, ogists 


* 


say Gane ) ais the point in the intersection of Cl iy xy )* A and 
ae 
* eee : ? * 
Cliy xy a Beeieult fs sot = 1.2 isthe. extension of fs to Xe » then 
1 ote 
F* = a x is must be the unique extension of F : (X, xX, 6) = (Y, x¥,>P) 
* * 
to X) x X,, 
*-], & & Sahat! Se) k-1, % 
Conetdeyi.Wo=_Fy ty SzIe= fy Cy, (z ) 
; =) s 
(cL) We claim that Cl F (A) n W = 6 


* 
(X, *X,) 


Assume not. Then there is an open set U containing W_ such 


- , k=] 4 x71, * 
that U0 nF ey =>. But since fh (y“) and f., (z ) are compact, open 
* . * * 
sets Uy in X) and U, in X, exist such that Wc U,*U, cU. Now, 
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* 
fo and f., are closed maps, hence easily hereditarily quotient. te 


* * 
follows from remark 8.3 (a) that £, (U,) is a neighborhood of y and 


* 
f>(U2) is a neighborhood of z* 


$ hence, 
ke * * ' ; ke * 
F (U,*U,) = £, (U,)x£, (U,) isa neighborhood ot ((yi.z )) 5? But U.xU.. <0 
rs 
and F (U) n A= 6 - which contradicts the fact that 


x ok 
Cy 32) ) "Snel * A. This establishes the claim. Similarly, 
(Y, *¥5) SF 


il 
aul x F “(B) nW#o. 
(X, *K,) 


Let (a,b) be a point in Bota) no W and let (c,d) 


Gi * 
(X, *X,) 


be a point in Cl Fp) AY Wis 


(X,*K,)* 
Since A$'B ; there AS a sfunction #9 = Yoo ie such) that, <CA) = (0). 

2(B) = 1 and geF is a p-map. Our objective is to show that the extension, 

(goF)* peOture co! “ro Cee takes (a,b) and (c,d) to the same point 


i 2 But stirst, let Xo € X 
* * 
Ci7") We claim that (goF) (a,x) = (goF) (c,X,) 
If we consider F as a map onto (Y,*¥,56") , then by lemma 9.4, 
GS = Y,x{£, (x) I has the quotient proximity induced by F mea | P 
Then, since (g°F) | = (g }o ¢ ) , it follows from 
KX x{x, Y, xy} X, x{x,} 


theorem 4.7 that is a p-map. But the extension of a p-map to 


8| 
Y,xly,} 


the Smirnov Compacification is unique, hence 
* * * * 
Aa F = ( oF) te = (8 ) ° (F| ) 
(iii) ((ge |x, xt)? & Kix{x,] Vintages K,x{x,] 


* , 
where ((g°F) |x <{x,) is the extension of (°F) |x xf) to 
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* * 
x(x 1 and (g v,xly, 2 is the extension of the p-map g to 


Wty5t 


* * 
(¥, xly,}) (which is ee by the remark following lemma 9.4). Now, 
* y * RS * * Wy * 
£, (a) £ Cc) Jes 50 lx xx, P (a,x,) ar CP] xfx,P (c,x,) and 


* * * x 
hence (g yas (F| ) Gl ue (3| ) ° (F Jeers) 
Y,xly,} X,x{x,} D Yisty5! X,x{x,} 29 
* 
It follows from equation (iii) above that (goF) (a,x,) = (goF) (c,X5) A 
establishing claim (@14i). If we repeat the above argument with the roles 
of xX, and xX, interchanged, then it follows similarly that 


* * 
(g°F) (x, »b) = (g°F) (x, »d) for any x1 € X) : 


* 
(iv) We now use a limiting process to show (goF) *(a,b) = (eer) Cer, d)". 
-l 


Pick aynet <(ag,by)> in? FE) =(4): Sconvereing toy sa, bye Then <by> X, 
converges to b , so =(ai, Do) = > (aebjerand <(e5b)= aq Wei Aled Mora a egsyi Veicii sy = 
each a, it follows from (ii) that (goF) “(a,by) = (goF) “(c,by) » hence in 
the: LimiLe, (Lea = (eR) (end) « livwerpiek amnetain Fl p) conver- 
ging to (c,d) , a similar argument will show Gary Gand) = (ee) Bebe) , 
Again, we can easily interchange the roles of xX, and X, to show that 


(goF)*(a,d) = (goF)*(a,b) and (geF)*(c,d) = (geF)"(c,b) . Putting these 


together we easily verify (iv). 


veel 
However, since g(A) = 0 , (g°F)(F (A)) = 0 , so that 


( oF) “(C1 * F +(A)) = 0. Similarly (goF) (C1 eRe re) =e 
, Csi ong 
x ; 
In particular, (goF) “(a,b) = 0 and (goF) (c,d) = 1 - which contradicts 
Give) 
It follows that 6' =P and £,xf, is a p-quotient map. This 


completes the proof. 
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982% Corollary. If f. : Xx. a4 Y, » i= 1,°°*,n, are p-quotient maps 
n n 

between separated proximity spaces pthenm, My tenllw kee > JL WY defined by 
F ik 
i=1 i=1 


F(x) 5°°*,X,) = (£, (x) yee ee. tn )} is a p-quotient map. 


eo COLO Lary. A p-quotient map between separated proximity Spaces is 


p-bi-quotient. 


Before proceeding to an application of theorem 9.4, we need a 
lemma which is of some independent interest. Hager in [16] has announced a 


Similar result for uniform spaces. 


927 Definition. A topological space X is pseudocompact iff every real- 


valued continuous function on X is bounded. 


9.8 -Lemma, Let X and Y be infinite separated proximity spaces each 
with the fine proximity. Then the product proximity is the fine proximity 


on’ XxY aiff XxY is pseudocompact. 


Proot. Since there is a one-to-one order preserving correspondence between 
* 
proximities and compactifications, (XXY , product proximity) ~< (XXY , fine 
* wee * * 
proximity) . By Leader's result [22, theorem 10] (XxY)“ = X xY and 
since the Smirnov Compactification of a space with the fine proximity is 


just the Stone-Cech Compactification, we have 
k ox * R * 
BXXBY = X XY = (Xx¥ , product) < (3xY 4 fine) = B(Xxy) 


Now, Glicksberg [15] has shown BXXBY = B(XXY) iff XxY is pseudocompact. The 
> 


result follows. 
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9.9 Theorem. Let f, : X, “ yy and f, : X, y Yo be (topological) 


quotient maps between T 3; Spaces. Then if XxX, is pseudocompact, 


£ xt, is a quotient map. 


PLOot . Let X) X55) and Y, each have the fine proximity. Then by 


lemma 9.8, the product proximity on X._xX is the fine proximity and since 


Je ee 
Y)*Y5 is: a. it follows from theorem 5.3 that the quotient topology 
2 
is equal to [(6') . Now, by theorem 9.4, 6' is the product proximity P 


on Y*%5 so C(P) = f(6') is equal to the quotient topology and hence, 


fXg is a quotient map. 


10. Examples and Relationships. 


In this section we explore the relationships between the maps 


introduced in sections 8 and 9 and their topological equivalents. 


10.1 Example. A bi-quotient, p-quotient map which is not regular. 

Let X = [0,2] ‘and identity [$3 to a point. Then the natural 
map is easily bi-quotient and p-quotient. But £[0,316'£(3,2] , although 
[0,5) ¢ G2] 

Example 10.1 contrasts with topological quotient maps since bi- 


quotient maps are hereditarily quotient. 


LOc2) Example: A regular map which is not quotient. 


tee x= [0,1] x {0,1} and let Y be formed by identifying 


(x,0) and (x,1) for all x > 0. Then the quotient topology is not 
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completely regular, so by theorem 5.3, 2(6') is not the quotient topology. 


But it is not hard to show that Ad'B <=> f+ (ayot72(B) 


10.3 Example. A hereditarily quotient, p-quotient map which is not bi- 


quotient. 


Let X be the disjoint union of countably many copies of [0,1] 
and let X have the elementary proximity. Identify all Os to a common 
point. Then 6 with the quotient topology is completely regular, so the 
natural map f is quotient and p-quotient. f is also easily hereditarily 


quotient. But Michael has shown [28, example 8.1] that f£ is not bi-quotient. 


10.4 Remark. Michael [28] has shown that if Y is T, and | 2 Byer 


the following are equivalent: 
(a) £ is bi-quotient. 


(b) “For” y e@Y . £-" Um is any open cover of] 2... then tinitely 


many £(U) , U « U , cover some neighborhood of jy. 


(ce) *For > ye Y ., tf U2 As any open cover (or fo , then 


finitely many f£(U) , Ue U , cover some neighborhood of y. 


(d) f£%x i is p-quotient map for every paracompact space Z. 
Zz 


The following analogue holds for proximity spaces. The proof is 


similar to Michael's. 


10.5 Proposition. If yY is a separated proximity space and f : X >Y is 


a p-map, then the following are equivalent: 
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(a) For A , aclosed subset of Y » U a p-cover of aN 


then finitely many f£(U) , U « U cover some p-neighbor- 


hoodvot. “A 


(b) For A , a closed subset of Y , U a p-cover of X , then 


finitely many f(U) , U « U , cover some p-neighborhood of 


A e 
(A*cover *U'= {U3 is a p-cover of X iff there is a cover V = {v_} 
a aeA Sorina Qa aeA 
Sucnetnat for all’ a Vi sce OR 
O O 
Proof. a => b is clear. To show b => a=, let A bea closed subset of 


Veeand) U “asp-cever of f (4) . Since “Y; is Ty > for each x ¢ A pick 


Weetand) eV eeesuch that’*W occ Ve "and —Vi°¢ A’.P Let Ve =v. ft and 
ne x x x x x x¢A 
W = Uut *(V) . Then W is a p-cover of X , so there is a set N = CuD 


such that AcCN , where C is the union of finitely many f(U) , U « U and 


D is the union of finitely many Ne - But then A$D implies AccC . 
10.6 Remark. Remark 10.4 might lead us to expect that 10.5(a) is equivalent 


to f being p-bi-quotient and hence that 10.5(a) holds for every p-quotient 


map. However, since 10.5(a) easily implies that f is regular, example LO 


shows that this is not the case. 
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CHAPTER IV 


PROXIMITY ANALOGUES OF TWO METRIZATION AND MAPPING THEOREMS 
—— ER GRL EVA AND MAPPING LOROREMS 


11. The Two Theorems. 


In this chapter we consider proximity analogues of a metriza- 
tion theorem of Morita and the Morita-Hanai-Stone Theorem on the closed 
continuous image of a metric space. Some of our results on proximity 
spaces will be stated for the wider class of generalized proximity spaces 


introduced by Lodato in [25] and [26]. We reproduce his definition here. 


Beh, (Definition. A Lodato proximity (or LO-proximity) space is a pair 
(X,6) where X is a set and 6 a binary relation on P(X) which satisfies: 
Fl Write AGB... then “Art tandsi Boy ., 
PZ) “AGB. aft. “BOA.,; 
P3) if AnB # > , then ACB , 
P4) Ad(BuCc) iff ASB or AOC , 


I); AGB cand, boC torus bh elas. imply Ace. 


As with proximity spaces, a LO-proximity is separated TEV ie aiso 


satisfies: 


P6)\ ota teibioekt fh. rach 


All LO-proximities and proximities in the chapter will be assumed 


separated. Perhaps it should be pointed out that lemma 8.6 of the last chapter 
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could have been stated for LO-proximities. 


In [30], Morita proved that a T) = space X is metrizable iff 


co 
there is a sequence ee of locally finite closed covers OE. X tsuch 
that whenever U is an open neighborhood of x « X » there is some Fag with 
Set ,F.) > U » This result has ‘an analogue for proximity spaces (or LO- 


proximity spaces) with the elementary proximity, as theorem 11.3 demonstrates. 


We will need to make use of the following theorem of Smirnov [43, Theorem 


tow 

11.2 Theorem. A LO-proximity space (X,6) is metrizable iff there is a 
co e 

sequence Ee of covers of X_ such that U,,, Star-refines U, , 


Ace St(A,U,) for all i , and whenever A cc B , there is some Uy which 


Satisfies Acc St(A,U,) Geb. 


11.3 Theorem. Let (X,6) be a LO-proximity space with ASB iff 
AnB # 6. Then (X,6) is metrizable iff there is a sequence as 


of locally finite closed covers of X such that whenever A is closed and 


A cc B , there is some Pa which satisfies Ac St(A,F,) cB. 


Proof. Let (X,S) be metrizable. Then by the metrization theorem of 


co 
Smirnov there is a sequence HUN Sy of open covers of X_ such that 


Usad star refines U, , A ee St(A,U,) for all i , and whenever AccB , 
there is some Uy which satisfies A cc St(A,U,) cB. Since metrizable 


* ° . | 
spaces are paracompact, each U; has a locally finite closed refinement 1 


Clearly.) SF hi 1 has the required properties. 
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Conversely, given such a collection ee let 


M, = {M(a,i) | a € 25 5 bea “creatine” for a tor each. i>), “That ts; 


M. < F >» M(o,1) is open, M. is a locally finite closed cover, and 


M(a,i) n M(B,i) = 6 if a #B. This grating exists by Lemma 3 of Morita's 
A 
paper [30]. For a given i , define WC, ***0.,) = 
ak ; 
ee 
M(a. 4 M. W. =r eee tS ooo j 

( sod) é j and let W Wo, ai, ) | Ot, e Q, ad ieee alae “ee 

by lemma 4 of [30], W, is also grating. Clearly, W, < M, < Fe and 


MCa, »4) where 


ll 


Now, for a closed subset A of X , let V4 int{st(A,W_) } : 
Note that Ac V 6A) since AcCe= {xX - u{W(a, ** +0, ) | An W(or = 014) = o} 
c st(A,W_) and C is open because We is locally finite. Since 


Ace Vv fA) ator each ne there is ‘ay “m= m(Ajn) > ne asuch that 


Ac st(a,W) ¢ V (A) 


Let A be aclosed subset of X and y eX. We claim that 
LE Oe, n Vb) # o> , then vey V fA) 


(i) ye St(A,W) . If not, then whenever A n Wa, stra) # > 


and. Y¥ <€ ERS) , we have Wa, ***a.) n W(B,*°°B ) = > , since W is 


< 


aerating. But then W(a, essa) n W(B, °°°8) =o and nm» n ve GD = > 


- a contradiction. 


(iz )eebet* yre W(B,*°°B ) . Then we claim An W(B,°**B) # o>. 
For®it “An Mice er) =>, Wa, ***a) n LAO odd de = > for any Wire oe) 
Such thateean 0 Wa, s*°a) # >. Hence, as before Vv fA) n W(B,°**8) =. 


But y € st(A,W)n W(B, °**Bm) ce Vj) n W(B,*°*8) - a contradiction. 
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(Lid) St (y,W_) © St(A,W) follows from (i) and (ii). Thus 


we have ve SOV. (A) » establishing the claim. 


Bor each ‘closed subset A of X { let n, (A) =1, 


n,(A) = m(A,n__, (A)) and let U_CA) = ye . Consider U. = {U_ (x) |xeX} : 


Bay Uy) n U_(A) #o>, Yn n meg # > so UL) Sag Ue 
fe follows that St(U_(A) ,U_) pe) » and therefore 
st (U(x) WU) © U__j(x) and U.<U_,. Now let AccU. ‘Then there is 
an r such that Ac St(A,U i) ¢ U_(A) c ba (A) ee Ux 


i 
Thus, by Smirnov's Theorem, (X,6) is metrizable. This completes 


the proof. 


Remark. The hypothesis that the LO-proximity be "elementary" in the above 
theorem is certainly not needed in the proof of necessity. I do not know 


whether it can be eliminated in proving sufficiency. 


Our next result will be a proximity analogue of the theorem of 
Morita and Hanai [31] and Stone [45] on closed mappings of metric spaces. 


The proof of the following lemma is contained in the proof of theorem 1 of 


ie. 
11.4 Lemma. Let X and Y be metrizable topological spaces and f a 


closed continuous map of X onto Y . Then there is a closed subset XA of 


Cc 
X such that apes (y) is compact for every ye Y. Further, if eee 
fe) 


co 
is a sequence of locally finite closed covers of X , then Ley is 


a sequence of locally finite closed covers of Y. 
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This completes the claim. 


foe) 
Let ped ira be an open neighborhood base for the set A. Now 


(A) and U, n £*(V,) is a neighborhood of X, » SO for each i 
1 


there is some xs € (U, n £*(v,)) Ei CA) *. °Since* C= {xj} is locally 


Finite, it is ‘closed, hence £(C) is closed, If H = Y — £(C). then 
Acc H since A and f(C) are disjoint closed sets. It follows that 


there is. some “V.. with “Ace Vi, “ees “But x! “ec we) Seok (xt jetyate 
i i it i i i- 


Y - £(C) - a contradiction. 


iso. Corollary. Let X _ be a normal Ty Space such that every closed 
set has a countable neighborhood base. Then dA is countably compact for 


every closed subset A of X. 


Willard [50] has called a metrizable space whose set of accumula- 
tion points is compact, an A-space. These spaces have also been studied by 


Rainwater [41] and MacDonald and Willard [27]. 
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11.5 Lemma. Let (X,6) be a proximity space whose induced topology is 
normal and (Y,6') a LO-proximity space with AS'B iff AnB gd. Let 
every closed subset of Y have a countable neighborhood base. Then if f 
is a closed p-map of X onto Y , the boundary, Me OO FOr f *(A) is 


countably compact for every closed subset A of Y. 


Proof. Suppose df RGCA) is not countably compact for some closed subset 
A of Y . Then there exists a sequence {x, } c af (A) without a cluster 


point in Ser otA) and hence without a cluster point in X. 


co 
We claim there is a locally finite collection hese, of disjoint 
open.sets in X with x, € U, for all “i .. Torsee: this, first. use normal~ 
1 cS a % . 1 
ity to find a collection Wee of disjoint open sets with x, <« W} for 


all i. Now, for each i pick an open set W, such that x, «€ W, cw, ae : 


Consider Z= UW, -UW, oo) Me Tea Ore tet U, = W, - Lt*noty tor each 


x € Z there is a neighborhood U(x) such that U(x) n {x, } = > , since x 


is nota Limit ‘point of {x, } . Let US yy Ux) oe Now, 2c" and.» x 
xeZ 


is normal so there is an open set V such that Zc ViecVcc) Ue Lev 
co 
Week 2 -V fandatet VU, .- WN Clearly, x, € U, foreach i. Ut iey 


is the desired collection; for if x ¢« X then: 


Case 1: If xe UW, - UW, ocx) GeV 2c DUE. aa uu, => ,so V is a neigh- 
— si 


borhood of x intersecting no U; ; 


Caben2en ent ix: ¢ UW, , x has a neighborhood intersecting no U; : 


Gase"3: “If x € UW, , say XxX eW, , then xe We » which is a neighborhood 


of X intersecting UL. and no other U, : 
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11.6 Theorem. Let (X,6) be a metrizable proximity space, (Y,0°) “a 
LO-proximity space where AS'B iff AnB #6 and £:X+Y a closed 


pemap onto Y .: Then 


Ca) AY, 0" JA is? metrizable, 
-1 ; 
(b) of ~(A) is compact for every closed subset A of Y , 


(c) every closed subset A of Y has a countable neighborhood 


base, 
(d) Y is an A - space, 


(e) X has a closed subspace Z which is an A-space and which 


maps onto Y , 


(£) Y is complete. 


Proo£. First, we show Y is metrizable. Let yeY. Since (X,d) is 
metrizable, the metrization theorem of Smirnov implies there is a collection 
fu ae of open sets in X_ such that es (ale U, for all i and when- 
ever fay) cc. U 4 there is some Uy which satisfies f+ y) ce Uy eau. 
sie Vv =Y- £(X-U, ) , it is routine to show elias is a neigborhood base 
for y . It follows from the theorem of Hanai and Morita [31] and Stone [45] 


that Y is metrizable (as a topological space). 


co 
By the remark following Theorem 11.3, there is a sequence Atos 
of locally finite closed covers of X such that whenever A is a closed 
subset of X with Acc B , there is some Fa which satisfies 


Ac St (A, Fy) ¢ B. To prove that (Y,65') is metrizable, it is sufficient 
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by theorem 11.3 and lemma 11.4 to demonstrate that Wage) tr has the 
required properties. So let A be a closed subset of Y with AccB. 
Then fe is closed and my ce £1 (p) since f is a p-map; hence, 
there is some Fa which satisfies EPA te St(£ *(A) Fy) © £7@) ee Sih 
then (easily) Ac St(A,£(F,)) crb ae 


Rainwater [41] has shown (a), (c) and (d) are equivalent; so 
(c) and (d) hold. (b) follows from (c) by lemma 11.5. It remains to show (e) 
and (f). Since Yis an A-space, let Y= ue uD , where Bas is the (compact) 
set of accumulation points. By lemma 11.4 there is a closed subset XY of 


eesucheenat! i(X ) = Ys, f | is a closed p-map and £[ 7) is compact 


X 
Oo fo) 
Gor aid, yy. €.Y 4. Let xX, = cng) n X and for each y « D , pick some 
5 ar £7 (y) n x, ond eLet X, be the set of all x so chosen. Then XK) 


is compact since Gis Lsepertect.. geLetag Za x) U Xx, ne x, € Z and 
fe) 


x aa x5 € xX, , then £(x_) 2 f(x.) so £(x,) € Yo . But then 


1_- 


X . That the set of accumulation points of Z is contained in xy >» and 


Ki oe Fine \eoeks. = Kee 29. Therefores, 7a. itsecloseds in xX, » and hence in 
fe) O Oo 


hence compact, follows similarly. 


Since every A-space is complete [50], (f) hotds:. 
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CHAPTER V 


PRODUCTS OF PROXIMITY SPACES 


12. Elementary Products. 


2. Aantroduct ion. Although the usual product proximity generates the 
product topology and is the correct categorical product, it is in many 

ways inadequate. As is well-known, the product proximity on R JMR SaYoy 2 

the usual metric proximity. In fact, the lines y =x and y = x+5 are 
"near'' in the product proximity. Poljakov [40] has defined another product 
which does have the property that the product of metrizable proximity spaces 
is metrizable. The purpose of the product presented here is to give the 


elementary proximity on the product in terms of factors. 


T2.2. Definition. Let (X55) } be a collection of sets and binary 
relations each satisfying (P1)-(P4) of definition 2.1 and define ASB in 


Xx iff there is an x e« X such that whenever A = A) uss sua, and 
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B= Buse cuB , then for some A, and e ; ACUI GE aii and 


yer (e son 
TCA, 257 CX) for al 


12.3 Lemma. (X,6) satisfies (P1)-(P4) of definition 2.1 and each 
projection a 2X > is a p-map. 


Proot. (P1)-(P3) are easy. Let A$B and AGC . We shall show Ad (BuC) 
Assume A6(BuC) . Then there is some x € Ky such that whenever 


A= A, UssUA, and (BuC) = D,u**uD,. ,» then for some A, and D, 
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there are decompositions of B and C, say B= Bure UBL and 


C=C, Us s 9 uC such that for all B, , i = l,***,N there exists an a. 
u M af ? : L 

Sdehethat “1 (B.)¢ Tm (x) and for all C, , i= 1,***,M there exists an 
Oi ibe O 10%. ae 
i ag bul 

Oh. S h h . ‘ = eee eee 

; Such that Ty (C$, Tm, Cx) But then BuC = (B,us**uB.) u (C,us*+uC,) 
al Ales ey 
andror all i = 1,+*sN , Nt] 5 s** , NEM “there exits an OL, such that 
Bereta ta p where: Ds By see ae Lance Nie DU = a) aves Ee 


j = 1,°°°,M - a contradiction. The other implication of (P4) is easy. 


Since AOB implies that whenever A = A, usssUA, and 
B= B ure? uBL then for some A, by Oe) me fori alli) o Withus Gach 


Tl is a p-map. 
OL P Pp 


The proof of the following lemma is easy but tedious and thus 


omitted. 


12.4 Lemma, Let {(X,,6,)} be as in 12.2 and let kA = PEO Al eee UE 
each (X25) also satisfies: x0 A i ft x0 kA where A eee weend 0). ds 
a basic open set in the product topology, then U is open in the topology 


generated by any generalized proximity on X for which the projections are 


p-maps. 


12.5 Remark. xSA iff whenever A = A,usssuA, , then there is some A, 


such that TGs) 6 Ty CAG) FOI ailds, meee 
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12.6 Theorem. TE {(X 56) 3 is a collection of LO-proximities then 6 


generates the product topology. 


Proor,. It follows from the definition of 6 and the remark above that 
x 6 A iff xdkA , where kA is as in lemma 12.4. It remains to show that 
if U is open in the induced topology, then U is open in the product 


topology. 


betaspie Uta So p$(X-U) . It follows that there is a decomposi- 
tion of X-U , say X-U = U,ueseuu such that for each UE there is some 


with eT (plea nm (U.) . For K-# 1,2,*9*sn,, let Wo =X. =n. @a) . 
oe Oy K OK K OL. Ole K 


Since ib cP)98 Tey (Uy) é Tay (PIbq Tay Ox) and hence Ty (pie Wy . We 


K K 
n a n 
Alain ‘De vn TT Wes Oeste neU some ib (x) %e We =X - TT (U,.) ; 
rene K=1 5 K Ok K 
and thus, Le (x) ¢ Ty (U,) . The result follows. 
K K 
12.47 Corollary. If {(X 55) I is a collection of LO-proximities then 


(X,6) as defined in 12.2 is a LO-proximity and ASB iff AnB # ¢ , where 


closure is in the product topology. 


Proof. Easily ASB if AnB #4. Also, given (X,6) satisfying (P1)-(P4) 
of 2.1, (X,6) is a LO-proximity exactly when AcB iff kASkB , where k 


is the operator defined in 12.4. But this clearly holds. 


toe corcitary.. If {(X 5) } is a collection of proximity spaces and 
the product topology is normal, then the product defined in 12.2 is a proxim- 


ity, generates the product topology, and ASB iff AnB#o. 
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Note that if X and Y are two infinite normal proximity spaces 
with the elementary proximity and if XxY is normal, then by lemma 9.8, the 


product proximity on XxY is given by 12.2 iff XxY is pseudocompact. 


Dr. S. Leader has pointed out that the product proximity of this 
section may also be considered as a space with a pseudoclosure operator: 
(i) ¢$=6, (41) ACA, (411) AUB = AUB. Each 6 satisfying (P1)-(P4) 
induces a pseudoclosure, namely A= {x | xOA} . Definition 12.2 depends only 


on the pseudoclosures induced by the y's: The product then comes from the 


product pseudoclosure: AOB iff AnB#o. 


13. Products of Separation Spaces. 


We now consider products of another type of proximity space. Wallace 
[47] defined a strong separation space to be a pair (X,6) where X is a set 
and 6 is a binary relation on P(X) satisfying (P1)-(P4) and (P6) of 
definition 2.1 and in addition 

(S1) x6A iff xékA where kA= {x|xdA} , 

(S2) if ASB then either there is an ae A Such that adB or 


there is a beB such that bdA. 


Wallace showed that for qT, spaces, this is exactly topological 
separation. These are the fine S-proximity spaces that Gagrat and Naimpally 
have recently considered ([11] and [12]). Our original motivation for this 
problem was to find an axiomatization for topological separation on a product 


of topological spaces to facilitate the study of functions with connected graphs. 


13.1, Definition. Let {(X5)4 be a collection of pairs each satisfying 
(P1)-(P4) of definition 2.1 and define ASB in X= IX , iff either there is 
an ae A such that whenever B= Buss sus, then for some ; 


m_(a)6_1_(B.) for all a, or there is a be B_ such that whenever 
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The proof of the following theorem follows the general outline 


or section U2. 


13.2 Theorem. rf {(%,6,)} are strong separation spaces then 6 as 
defined in 13.1 is a strong separation on X = 1X, and generates the product 
topology. ASB iff AnB #4 or ANB #o and if f : CAS > (1X »9) h 
where (Zi) is a strong separation space, then f is a p-map iff Ty°f 


is.a,/p-map for all a, 


Thus, definition 13.1 gives us anaxiomatization of topological 


separation on any product of qT) Spaces. 
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